Abstract. In this paper the densities D(i) of prime numbers p having the least primitive root g(p) = i, where i is equal to one of the initial positive integers less than 32, have been numerically calculated. The computations were carried out under the assumption of the Generalised Riemann Hypothesis. The results of these computations were compared with the results of numerical frequency estimations.
1. An outline of the method of computation In [3] Elliott and Murata gave the formula
where M runs over all the subsets of the set {2, 3, . . . , i} containing i. Here A M denotes the conjectural density of primes p such that each a i ∈ M is a primitive root modulo p, expressed by the formula in Lemma 11.5, page 140 of Matthews [4] :
a∈G (a1,...,an) ω(a)f (a), (2) where M = {a 1 , . . . , a n } and G(a 1 , . . . , a n } is the set of squarefree integers of the form a = κ(a Here c(p) is the natural density of the set of primes {q : q ≡ 1(mod p), q a 1 , . . . , a n , and at least one of the numbers a 1 , . . . , a n is a pth power residue modulo q}.
Formula (2) is based on the assumption that if a εi 1 , . . . , a εn n = b 2 , then S = i ε i is even. If S is odd, then A M = 0. There is a factor 1/2 n missing in (1.4) page 114 of Matthews [4] , and this error is repeated in the paper of Elliott and Murata.
In [3] Elliott and Murata derived formulas for the density of prime numbers whose least primitive roots are the initial natural numbers 2, 3, 5, 6 and 7. They are as follows: where the initial ∆ i (i = 1, 2, 3, 4) are
, Artin's constant,
,
.
The calculation of the successive values of D(i)
is illustrated with an example for i = 10. According to (1) ,
where M runs over all the subsets of the set {2, 3, 5, 6, 7, 10} containing 10 (from the set of all natural numbers ≤ 10, we remove the powers 1, 4, 8, 9, which can never be least primitive roots). Observe that if M contains a, b and ab, then A M = 0, because if a, b are primitive roots for p, then ab is not. Therefore, 
The assumption of the multiplicative independence of the elements holds for all the sets listed above except for {3, 5, 6, 10} and {3, 5, 6, 7, 10} (we have 3 ·5
. In order to apply Matthews's formula (2) we compute the sum
where the additional argument of the function f was added in order to avoid ambiguity, e.g.,
The first summand corresponds to the choice ε 1 = ε 2 = 0; the second to the choice ε 1 = ε 2 = 1, etc. The calculation of the values of the coefficients A M for the remaining sets M proceeds similarly up to the set M = {5, 6, 7, 10} inclusive. For M = {5, 6, 7, 10} we have
The first summand corresponds to the choice ε 1 = ε 2 = ε 3 = ε 4 = 0; the second to the choice ε 1 = 1, ε 2 = ε 3 = ε 4 = 0; the third to ε 1 = ε 2 = ε 3 = ε 4 = 1; and the fourth to ε 1 = 0, ε 2 = ε 3 = ε 4 = 1. It remains to consider two special sets M 1 = {3, 5, 6, 10} and M 2 = {3, 5, 6, 7, 10}. For these sets the formula (3) is not valid and is replaced with
The first summand corresponds to the choice ε 1 = ε 3 = ε 4 = ε 2 ; the second to the choice
;
The first summand corresponds to the choice
; the fourth to the choice
Proceeding in this way, we can calculate densities D(i) for any positive integer i. Beyond i = 10, the derivation of formulas for D(i) ceases to make sense due to their length. However, the use of a computer makes it possible to extend the computations to some extent. In this paper, by designing an algorithm corresponding to the computational process described above, we computed the values of D(i) for all positive integers i < 32, which are not powers of integers.
Results of numerical computations
The following numerical investigations were carried out: • The densities D(i) of prime numbers p having the least primitive root g (p) equal to i were calculated; the results are illustrated in Table 3 .
• For every prime number p < 4 · 10 10 , the value of its least primitive root was determined.
• The computed densities of prime numbers with given least primitive roots were compared with numerical frequency estimates; the respective values are shown side by side in Table 3 .
• The graphs of densities D(i) for initial values of i were prepared and tabulated with step equal to 10 9 , the behaviour of the frequencies of prime numbers with a given least primitive root are illustrated in Figures 1-24 . From the figures it may be concluded that the densities D(i) are very stable. Oscillations have limited amplitude and a tendency to damp out.
• A graph of the average value of the least primitive root of prime numbers not exceeding 4 · 10 10 was prepared ( Figure 25 ) and tabulated with a step equal to 10 9 (Table 1 ).
• The growth rate of the least primitive root of a prime number was numerically investigated (see Table 2 ). The value g(p) of the least primitive root of a prime number p is well majorised by a second degree polynomial of the natural logarithm of p, which agrees with the conjecture by E. Bach [1] about the least primitive prime roots modulo a prime number. All computations were performed with the aid of more than ten desktop IBM PC computers from Pentium 100 to Pentium III 500 during their idle time. The computations lasted approximately one year. The computational procedures (with some small exceptions) were written in a high level language in order to minimise the risk of programming error. Most of the results were verified using popular numerical packages, e.g., MAPLE, GP/PARI. The verification required more time than the actual computations. For checking the number of primes generated, we used Mapes's algorithm, which was found to be the most computationally effective within the range of computations performed. 
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